Let H be a family of connected graphs. A graph G is said to be H-free if G is H-free for every graph H in H. In [1] it was pointed that there is a family of connected graphs H not containing any induced subgraph of the claw having the property that the set of H-free connected graphs containing a claw is finite, provided also that those graphs have minimum degree at least two and maximum degree at least three. In the same work, it was also asked whether there are other families with the same property. In this paper we answer this question by solving a wider problem. We consider not only the claw-free graphs but the more general class of star-free graphs. Concretely, given t ≥ 3, we characterize all the graph families H such that every large enough H-free connected graph is K1,t-free. Additionally, for the case t = 3 we show the families that one gets when adding the condition |H| ≤ k for each positive integer k.
Introduction
In this paper we only consider simple finite graphs. Let G be a connected graph. Given a connected graph H, G is said to be H-free if G does not contain H as an induced subgraph. Given a family of connected graphs H, G is said to be H-free if G is H-free for all H ∈ H. K 1,3 -free graphs are also called claw-free graphs. Claw-free graphs have been widely studied in the literature (see for example [6] for a survey on claw-free graphs). The search for forbidden induced subgraphs implying some property on a graph has received a lot of attention in recent years. See for example [2, 3, 8, 9, 10, 11, 12, 13] .
The following result was proved in [1] (the graphs Y 4 , Z 2,3 , W 3,2 and K 2,3 will be defined in Section 2 and Section 4).
Theorem 1 ([1]
). Let G be a connected graph with minimum degree at least two and maximum degree at least three. If G is {Y 4 , Z 2,3 , W 3,2 , K 2,3 }-free and |V (G)| ≥ 9, then G is K 1,3 -free.
Definitions and main results
If H 1 and H 2 are two connected graphs, we write H 1 H 2 to indicate that H 1 is an induced subgraph of H 2 . We say that a family of connected graphs H is redundant if there are two different graphs H 1 , H 2 ∈ H such that H 1 H 2 . It is easy to see that we can restrict our problem to considering only non-redundant families.
Define G as the set of all non-redundant families of connected graphs. Let t ≥ 3 and define H(t) as the set of families H ∈ G such that there is a constant n 0 = n 0 (t, H) with the property that all H-free connected graphs G with |V (G)| ≥ n 0 are K 1,t -free. Then, our problem is reduced to finding all the elements in the set H(t).
We define a binary relation "≤" in G as follows. For H 1 , H 2 ∈ G, we say that H 1 ≤ H 2 if for each H 2 ∈ H 2 , there is an H 1 ∈ H 1 such that H 1 H 2 . It is easy to see that the relation "≤" defines a partial order in G. Furthermore, if H 1 ≤ H 2 then any H 1 -free graph is also an H 2 -free graph (see for example Lemma 3 of [7] ).
K n is the complete graph on n vertices. P n is the path on n vertices. K n,m is the complete bipartite graph with partite sets on n and m vertices.
Let t ≥ 2. To state our results we define the following graphs (see Figure 1 ).
• Y Figure 1 : Some forbidden subgraphs For t ≥ 3, define the following families of graphs.
•
Our main result in this paper is the following theorem. It gives the characterization of families of forbidden subgraphs for star-free graphs we described in Section 1.
For our proofs we need the following definitions. For terminology and notation not defined in this paper, we refer the reader to [4] .
Let G be a connected graph.
. If the graph G is obvious from the context, we sometimes write
. A clique of a graph is a set of pairwise adjacent vertices, and an independent set is a set of pairwise nonadjacent vertices. For two positive integers l and r, the Ramsey number R(l, r) is the minimum positive integer R such that any graph of order at least R contains either an independent set of cardinality l or a clique of cardinality r. The Ramsey number R(l, r) exists for every positive integers l and r (see for example [4] ).
If G is a graph and
|S| · k (remember that the number of subsets of a set S is 2 |S| ). We will implicitly use this fact in the proofs of several lemmas in section 3.
Proof of Theorem 3
First, we will prove the following theorem that shows that forbidding some family of F(t) is enough to imply that the graph is star-free provided it is large enough. We prove this fact in the following theorem.
Before giving the proof, we would like to comment on non-redundancy of the family H t (m, l, q, r). It is not difficult to check that the family H t (m, l, q, r) is non-redundant for the parameters used in the definition of F(t) (m ≥ 1, l ≥ t + 1, q ≥ 2, r ≥ 3). These conditions were chosen so that H t (m, l, q, r) is not redundant nor it contains any induced subgraph of K 1,t . Moreover, reducing by 1 any of the constants in the condition would make H t (m, l, q, r) either redundant or contain an induced subgraph of K 1,t .
We divide the proof of Theorem 4 in several lemmas that we state and prove bellow.
Lemma 5. Let t ≥ 3 and let G be a graph with an induced
, which is a contradiction. Let k = m + 1 and let P = x 0 x 1 · · · x k be an induced path of G with
would have a path of length 2 to x 0 , passing through some element of
Lemma 6. Let t ≥ 3 and let G be a graph with an induced
Lemma 7. Let t ≥ 3 and let G be a graph with an induced K 1,t of center
Lemma 8. Let t ≥ 3 and let G be a graph with an induced K 1,t of center x 0 . Let i ≥ 2 and suppose that G is ({K 1,l , Z
and let x 0 x 1 · · · x i be an induced path with
. It suffices to show that |N | < R(l, r).
We use the above lemmas to prove Theorem 4.
Proof of Theorem 4. Let H ∈ F(t). Let m ≥ 1, l ≥ t + 1, q ≥ 2 and r ≥ 3 such that H ≤ H t (m, l, q, r). Let G be an H-free connected graph. Suppose that there is an induced K 1,t of center x 0 . We will show that |V (G)| is bounded by a function depending only on t, l, m, q and r.
Notice that since G is Y t m+2 -free, then G is Z t i,r -free for all i ≥ m + 1. Since we also know that G is Z t i,r -free for all 1 ≤ i ≤ m, we conclude that G is Z t i,r -free for all i ≥ 1. Using a similar argument, we have that G is Z t (i, r)-free and Z t (i, r)-free for all i ≥ 1. Thus, G satisfies all the conditions of Lemmas 5, 6, 7 and 8.
By Lemma 5, N m+1 (x) = ∅. Then we only need to show that N i (x) is bounded for all 1 ≤ i ≤ m. By Lemmas 6 and 7, N (x) and N 2 (x) are bounded. By Lemma 8,
Using an inductive argument we get that
Finally, we prove our main theorem.
Proof of Theorem 3. By Theorem 4, we already know that every family of graphs in F(t) is also in H(t). It remains to show that every family of graphs in H(t) is also in F(t).
Let H ∈ H(t). Then there is a positive integer n 0 such that every H-free connected graph of order at least n 0 is K 1,t -free. Let n be an integer such that n ≥ max(n 0 , t + 1).
Consider the family H = H t (n, n, n, n). All the graphs in H are connected graphs of order at least n 0 containing an induced K 1,t . Then it must be that no graph of H is H-free. In other words, for each H ∈ H , there is an H ∈ H such that H H . But this is exactly the definition of H ≤ H . Then since H is in F(t), we conclude that H is also in F(t).
Restricting the size of the family of forbidden subgraphs
In this section, we consider restricting the size of the family of forbidden subgraphs. Concretely, we add the condition |H| ≤ k to some family H ∈ H(t) for some positive integer k.
We restrict ourselves to the case t = 3 (claw-free graphs) which was our original motivation. We were able to characterize such families for each k ≥ 1. In other words, for each k ≥ 1, we characterized the families H ∈ H(3) such that |H| ≤ k. The result is expressed in Theorem 9.
To state and prove the result, we define some additional graphs.
• Y m is Y • Z m,r is Z 3 m,r .
• Z − m,r is the graph obtained by identifying a vertex of a K r with the end vertex of a path on m + 1 vertices.
• D q is D • T q is T • T − q is T q with the only vertex of degree one of T q removed.
Some of these definitions may be not necessary as they just rename some graphs, but they help making the statement of the result easier to read and the proof easier to understand, as we reduce the number of subindices and superindices.
Define the following families of graphs.
• H
Define the following subsets of G.
• F 3 = { H ∈ G : H ≤ {K 1,l , Y m , K r } for some l ≥ 4, m ≥ 3 and r ≥ 3}.
q , D q , Z 1,r } for some l ≥ 4, q ≥ 2 and r ≥ 3}. • F A i = { H ∈ G: H ≤ H A i (l, q, r) for some l ≥ 4, q ≥ 2, r ≥ 3} (i ≥ 1).
The following is the main theorem of this section.
Theorem 9. Let k ≥ 1 be an integer and let H ∈ H(3) with |H| ≤ k. Then • H ∈ F i for some i ∈ {1, 3, 4, 5, 6} with i ≤ k or
Moreover, all the families in the other sets mentioned in Theorem 9 are also in F(3), and so they are all in H(3). This fact can by derived from the following lemma.
Lemma 10. The following statements hold:
Proof. Statements (1) and (2) 
Proof of Theorem 9
First, we prove two lemmas that deal with the inductive part of the proof of Theorem 9.
Lemma 11. Let k ≥ 4 be an integer and let H ∈ H(3) with |H| ≤ k. Suppose that
Suppose also that there are graphs B 1 , B 2 , B 3 , H 1 ∈ H such that
• B 2 = P m+1 or B 2 = Y m for some m ≥ 3.
• B 3 = W 2 q for some q ≥ 2.
• H 1 = Z 1,r1 for some r 1 ≥ 3.
Then there are graphs H 2 , . . . , H k−3 in H and integers r 2 , . . . , r k−3 such that for all 2 ≤ i ≤ k − 3, H i = Z i,ri and r i ≥ 3. Additionally, m ≥ k.
Proof. The proof is by induction on i.
Let 2 ≤ i ≤ k − 3 and suppose that there are graphs H 1 , . . . , H i−1 in H such that H j = Z j,rj for some r j ≥ 3 and all 1 ≤ j ≤ i − 1. We will prove that there is a graph H i ∈ H such that H i = Z i,ri for some r i ≥ 3.
, there is a positive integer n 0 = n 0 (H) such that every H-free connected graph of order at least n 0 is claw-free. Let n = max(n 0 , 3).
Consider G = Z i,n . Since G contains an induced claw, G must contain some graph in H as an induced subgraph. Since G contains neither K 1,4 , P i+3 nor W 2 2 then B j G for all j ∈ {1, 2, 3}. Furthermore, since Z j, 3 G for all 1 ≤ j ≤ i − 1, then H j G for all 1 ≤ j ≤ i − 1. Then there must be some other graph H i ∈ H such that H i G.
Since
This concludes the inductive proof. We now prove that m ≥ k. Lemma 12. Let k ≥ 7 be an integer and let H ∈ H(3) with |H| ≤ k. Suppose that
Suppose also that there are graphs B 1 , . . . , B 5 , H 1 , H 2 ∈ H such that
• B 3 = W 3 q1 for some q 1 ≥ 2.
• B 4 = D q2 for some q 2 ≥ 2.
• B 5 = T − q3 or H 5 = T q3 for some q 3 ≥ 1 and • H 1 = Z 1,r1 for some r 1 ≥ 3.
• H 2 = Z 2,r1 for some r 2 ≥ 3.
Then there are graphs H 3 , . . . , H k−5 in H and integers r 3 , . . . , r k−5 such that for all
Proof. The proof of this lemma is essentially the same as Lemma 11. The proof is by induction on i.
Let 3 ≤ i ≤ k − 5 and suppose that there are graphs H 1 , . . . , H i−1 in H such that H j = Z j,rj for some r j ≥ 3 and all 1 ≤ j ≤ i − 1. We will prove that there is a graph H i ∈ H such that H i = Z i,ri for some r i ≥ 3.
Let r = max(r 1 , . . . , r i−1 ). Since
Let n 0 be as in Lemma 11. Let n = max(n 0 , 3). Consider G = Z i,n . Since G contains neither
G for all j ∈ {1, 2, 3, 4, 5}. Furthermore, since Z j,3 G for all 1 ≤ j ≤ i − 1, then H j G for all 1 ≤ j ≤ i − 1. Then there must be some other graph H i ∈ H such that H i G.
This concludes the inductive proof. We now prove that m ≥ k − 2. Let i = k − 5. Let r = max(r 1 , . . . , r i ). Suppose that
. . , Z i,r }, and hence H ≤ H C i (l, q, r) (with i = k−5), a contradiction. We conclude that H {Y i+2 } = {Y k−3 } and so
Proof of Theorem 9.
Suppose that H ∈ H(3) and |H| ≤ k. Suppose contrary to the theorem that
Since H ∈ H(3), there is a positive integer n 0 = n 0 (H) such that every H-free connected graph of order at least n 0 is claw-free. Let n = max(n 0 , 3). We will consider several connected graphs G of order at least n containing an induced claw. By the definition of H(3), there will be some H ∈ H such that H G.
Consider G = K 1,n . Then there is a graph B 1 ∈ H such that B 1 G. Since H / ∈ F 1 , then H {K 1,3 }, and so B 1 K 1,3 . We conclude that
• B 1 = K 1,l for some l ≥ 4.
Consider G = Y n . Since G contains no K 1,4 , then B 1 G. Then k ≥ 2 and there is a graph B 2 ∈ H such that B 2 G. Since B 2 K 1,3 then
Consider G = W 3 n . Since G contains neither K 1,4 nor P 4 , then B 1 G and B 2 G. Then k ≥ 3 and there is a graph B 3 ∈ H such that B 3 G. Since H / ∈ F 3 , then H {K r } for all r ≥ 3. Since B 3 K 1,3 and B 3 K r for all r ≥ 3, then Consider G = Z 1,n . Since G contains neither K 1,4 , P 4 nor W G for all i ∈ {1, 2, 3}. Then k ≥ 4 and there is a graph H 1 ∈ H such that H 1 G (the name H 1 will be better understand later in the proof). Since H / ∈ F 4 , then H {Z Since H ≤ {W 2 q } for some q ≥ 2 then there is a graph B in H such that B W 2 q for some q ≥ 2. Notice it may be that B = B 3 or not. Since B K 1,3 and B K r for all r ≥ 3, then B = W 2 q for some q ≥ 2. By Lemma 11, there are graphs H 2 , . . . , H k−3 in H such that H i = Z i,ri for some r i ≥ 3 and all 2 ≤ i ≤ k − 3. From the same lemma, we have that m ≥ k and so B 2 = P m+1 or B 2 = Y m for some m ≥ k. Notice that {B 1 , B 2 , B , H 1 , . . . , H k−3 } ⊆ H. Since |H| ≤ k, then B = B 3 and H has no other graphs, namely, H = {B 1 , B 2 , B 3 , H 1 , . . . , H k−3 }.
Consider G = Z k−2,n . Since G contains neither K 1,4 , P k+1 nor W 2 2 then B i G for all i ∈ {1, 2, 3}. Furthermore, since Z i, 3 G for all 1 ≤ i ≤ k − 3, then H i G for all 1 ≤ i ≤ k − 3. Then G contains no graph of H, which is a contradiction. 
